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This paper investigates the degree of separation or unity between the algebraic and geometric modes of
thought of students in tertiary education. Case studies indicate that as a student is inducted into the use of
algebra the insightful and visual components of geometrical and graphical modes of thought are
sidelined. Based on Vygotsky's taxonomy of the psychogenesis of cultural forms of behaviour, | suggest
that this separation occurs because the algebraic methods remain fixed at a naive or algorithmic stage.
The algebraic concepts may fail to be internalised because the stage of instrumental functioning of
algebra as a ‘tool’ or ‘method’ of geometry is not successfully transitioned. | suggest that this stage of
instrumental functioning may be stimulated by using dynamic geometry programs to promote the
formation of images in conjunction with algebraic representations in problem solving. In this way the
modes of thought in algebra and geometry in mathematics may be reunified.

Introduction Tall, 1999); cognitive units and algebra (Crowley
Algebra plays a fundamental instrumental role asé& Tall, 1999) and relating to multi-representation
language in the practice of mathematics. It is usé8ierpinskeet al, 1999).

to reduce the complexity of problems and hence In order to understand the dynamics of change
promote a method of solution through then algebra from its beginnings as a ‘method’ in
application of an algebraic algorithm (Grabingrgeometry to its development as a legitimate branch
1995; Katz, 2004). While students may effectivelpf mathematics that sidelines geometric thinking, |
use algebraic algorithms and routines, the purposgamine a Vygotskian perspective on the education
and/or usefulness of these ‘tools’ is often lost| asf cultural forms of behaviour (Vygotsky, 1994).
misinterpreted by novice users. To these novyidéygotsky proposed that a tool (such as an
users, the algorithms are seen as an end dlgebraic algorithm) and the object it acts on (such
themselves. The signs and symbols, however, mag a complex mathematical problem) have a
not be used effectively as a means of reasonimdynamic relationship that benefits both. While it
The descriptive and analytic powers of thenay be understood that algebra is a ‘method’ of
algorithms in the initial problem or in othersolving complex problems in geometry, it should
mathematical disciplines are often lost. Furthemlso be understood that geometry is a ‘method’ of
more, even if the learner has assimilated [thenderstanding the formal concepts in algebra.
algebraic tool, the geometrical or graphical insights Vygotsky mapped the functional use of tools
relevant to algebra are often sidelined gndnd signs from their primitive instrumental
neglected. Thus the dynamic relationship betwgdreginnings to final sophisticated mental processes

algebra and geometry (including graphs
visualisation) is broken. | believe that this brea
the natural connection between these mathem
disciplines (tools for reasoning) prevents
novice learner from gaining a mature und
standing of either.

The functional unity of the compone
processes of geometry (through visualisation)
algebra of mathematics is the focus of the pa
This research follows experiences of others in
field, in particular, visualisation in algebra af
analysis (Yerushalmet al, 1999; Kawski, 2002
Katz, 2004); extracting and giving meaning

ndhrough four stages. These stages are detailed as:
inatural or primitive  psychological naive
ipmychology instrumental function ingrown or
henternalised
er-  In this paper | propose that tools such as algebra
develop and mature in a way similar to that of
ntlanguage, signs and symbols as described by
andygotsky. | distinguish between the tools’
benstrumental effects afultural amplification(Pea,
tH987; Bruner, 1966) that speed up or accelerate
ndorocesses andognitive functioning(Pea, 1987)
that illuminate or give insight into the processes. |
irsuggest that as the use of the tool becomes more

formal theories through concept images (Pintg

Pythagoras 61, June, 2005, pp. 31-41

&ophisticated its attributes are internalised and the
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tool's relationship to its objects of action fadg
Not only do the tools’ roles aamplification and
cognitive functioningdisappear but the dynam
feedback of subject and object may be severed.
In what follows, | consider the pedagogic
implications of reuniting geometry with algeb
using dynamic geometry programs as the ager
reunification. | explore this separation/unificatid
of algebra and geometry in two case studies.
first study shows how the separation of alge
from geometry has a detrimental result on probl
solving within a class of university students in th
second year of study. These students, majorin
mathematics, were participants in a first course
abstract algebra. | highlight the separation t
occurs between existing graphical knowledge
newly acquired algebraic routines. The secq
study involves a mathematics education hong
class in geometry. The class consisted of in-ser
senior school mathematics teachers. Herg
highlight the changed perspective of the stude
after they incorporate geometry into an algebn
problem solving activity. | review the status of t
students in both case studies with respect to
described  Vygotskian taxonomy of th
psychogenesis of cultural forms of behaviour.
Based on this evidence | suggest that dyna
geometry programs such @eometer’'s Sketchpa
can be used to reunite the mathematical discipl
of algebra and geometry at school and
undergraduate level. Such programs help produ
multi-perspective understanding of
mathematical content and  highlight
illumination that the processes of algebra &
geometry bring to each other. With su
understanding the students may become awar
the instrumental function of algebra with respect
other branches of mathematics.

tl

Algebra as A tool in Mathematics
Tools used to accelerate and to illuminate
Algebra as a ‘method’, a ‘tool’, a ‘technology’ ¢
‘language’ in mathematics is widely accept
(Applebaum, 1999; Noss & Hoyles, 1996). Sin
algebra helps the user mediate or transcend
limitations of geometric thinking, learning an
problem solving it may be classified as a cognit
technology (Pea, 1987: 91). Algebra as a tool 1
be used in mathematics in strategically differ
ways. That is as a tool @ultural amplification
and of cognitive functioning(Pea, 1987; Berger
1998: 15).

In the case of cultural amplification, the to
provides the techniques for calculatior
approximations or constructions that are otherw
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rslaborious, complicated or simply tedious. The
mathematics student/teacher/researcher benefits
cfrom using the tool by gaining insight into the
nature of solutions to problems, through saved time
abnd through maintaining interest that might
raotherwise dwindle. This attribute of the tool has
t loéen referred to by Pea as a means of empowering
prhuman cognitive capacities.
The In the case of cognitive functioning, the tool
prarovides a functional role of revealing changes
eand/or invariance that may be present. In
eiparticular, using the method of algebraic
j liepresentation, geometric concepts are seen from
gn algebraic perspective. This approach adds
haigour and depth of understanding. Pea (1987: 96)
arréfers to such technological attributes as the
rreeorganisation of mental or cognitive functioning
uke suggests that this technological feedback
viegternalises thought processes, keeping a record of
résults and allowing patterns to be observed (1987:
n®Y). These records are available for inspection,
aorrection and reflection. This reflection leads to
heeformed action or to hypotheses that can be tested.
the In the case of algebra, | propose that the
edistinct attributes ofcultural amplification and
cognitive functioningemerge as algebra becomes
mpart of the culture of mathematical practice of
d students of mathematics and mathematicians alike.
nés the use of algebraic techniques mature there is a
ahift in the dynamic relationship between algebra
céthe tool) and the geometric problem (the object or

thesubject matter it was designed to serve). The

ndnduction of the learner into the use of algebra as a
\nchathematical language is similar to the education
ctof cultural forms and behaviours (signs, symbols
eanfd language) as explained by Vygotsky (1994).
to'ygotsky indicates that a tool develops from a
naive (external) to a sophisticated (internal) means
of support to learning. | believe that the algebraic
tool develops similarly. In what follows, | will
make this path explicit.
DI
ed he Education of cultural forms of behaviour
c&'ygotsky (1978), Bruner (1986) and Pea (1987)
thieggest that there is a dynamic link between the
dtool and the object it acts on. Vygotsky notes that
vé one changes the available tools of thinking, the
nawind will develop a radically different structure
br(tL978: 126). Bruner (1986: 72) suggests that tools
and technologies provide a means for turning
, around one’s thoughts and seeing the technologies
in a new light.
ol This changing dynamic is what Vygotsky calls
spsychogenesis of cultural forms of behaviour. A
igeerson may master his/her external behaviour by a
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culturally acquired technique of signs. This methjod Referring to algebra, this stage is epitomised by
of using signs is rfot only a key to the learners representing unknown quantities ®5 “

understanding of higher forms of a child'sbut not making use of this representation in the
behaviour which originate in the process |okolution to a problem. For example, representing a

cultural development, but also a means to fhgarabola byax? + bx+ cwith no understanding of
practical mastering of them in the matter Pihe significance of the constars b, and ¢ and
education and school instruction(Vygotsky, | yariablex.
1994 70_). The method consists of natural Stage2. Naive psychologyis the stage in
psychological processes, and yet unites theggich the sign or tools are adequately used in an
processes in a complicated functional &angigorithmic way. The task is above the natural
structural way (1994: 61). Vygotsky notes thatapabilities of the child and the child is initiated
remembering with signs and tools, such as Mapfio the use of new tools or technology. In this
and plans, may be an example of the cultyratage vygotsky explains that children may learn to
development of memory. The process |Gfise a mnemonic aid (the tool) to enhance memory.
‘remembering’ will be determined by the characlefne solution of the problem requires the
of the signs or tools that are selected as an |ajghplication of this mnemonic aid. The child solves
That is, the cultural development consists |Ofn inner problem by means of the exterior object
mastery methods of behaviour based on the use@fnemonic aid). The external object (say fingers or
signs.  Culture thus transforms nature to suit[th&unters) takes on the functional importance of a
ends of the child. _ sign (replacing the object). However, the child is
| suggest that Vygotsky’s mapping of thenaware of how the object helped him solve the
changing roles of the signs, symbols and languUageoplem. The external connection between the
in learning throws light on how algebra, as| hethod and the problem is not forged. For
systems of signs, symbols and language, M@yample, a child may imitate counting and repeat
become integrated into mathematical practic@equences of words but does not know for what
Algebra may be learned in a mechanical way, bbhrpose counting is used.
may not be used as a means of reasoning in much|y 3 similar way mathematics students may
the same way as a child may be able to speak It to build equations and solve problems using
not reason in his/her native language. VisualisaliQpyriables and fixed constants. For example,
of the algebraic symbols, through graphs |afyydents may use the quadratic formula (the tool)
geometry, reunites the tool with the object 0fy solve for the roots of the equation, but have no
action, to enhance the cultural development| @oncept of what a root or quadratic equation
algebra. This unification may thus determine thgctyally signify. In this case the formula (the tool)
character of the system of signs, symbols anflays a definite and functional role. However,
images that comprise algebra and geometry. ile the student may mechanically repeat the
algebra and geometry should fuse into a functignglethods on the same type of problem with success,
unit of processes. he may not be aware of the significance or deeper
Vygotsky ~ proposes that the  culturBlmeanings of the method. This is the stage that Pea
development of the child passes through f Y1987) refers to asultural amplification
phases or stages that follow consecutively one after Stage 3. In this stage th@strumental function
another (1994: 64). These stages form a compl&$e the tool is established and the tool is used
cycle of cultural development of any onmeyppropriately as an intellectual tool. The child
psychological function. Following Vygotsky, | list jearns how the method works and how to make
the fo_ur stages and elaborate to the mathemarti?ﬁ\bper use of techniques. The processes forming
domain: _ o part of the method form a complicated functional
Stagel. In this stagenatural or primitive | ang structural unity. The unity is effected by both
psychologicameans are used to resolve a problene task that must be completed and by the means
That is, the task is not above the natural abilitie$ gf), which the method can be followed. The
the child and h(_e/she will master it using presertrycture of the problem solving activity is
memory and intellectual development.  Homoulded by available means (e.g. using fingers as
example, the child may operate with quantitleg too| to help in the counting process by placing
even though he cannot count. In the case| ffem in a one-to-one correspondence with the
language, a student may be able to communicalerfimpers).
the language but does not understand how 10 Thjs is the stage of cognitive functioning (Pea,
reason or use words to draw conclusions. 1987). In algebra, for example, the student may
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recognise that curves bear a definite relationshi
points on a straight line (the X-axis) and that t
relationship may be expressed by a single equa
Here, there is recognition that the quadr
formula (tool) relates to the shape and position
parabola with respect to coordinate axes and
the roots are intersections with the X-axis. In t
role the respective tools, used repeatedly an
diverse ways, illuminate and extend knowledge.

Stage 4. In this stage the use of the to
becomes ingrown or internalised. The exter
activity of using an object as a means of findi
solutions passes on into internal activity. T
assimilation indicates a maturation of the tools
working strategy. A problem once solved leads
correct solution in all analogous situations ey
when external conditions have changed radic
(e.g. counting in the mind is an illustration
‘complete in-growing’ of the technique of placin
objects in one-to-one correspondence with
natural numbers).

In the case of algebra, polynomial equatig
replace the graphs of the polynomials and tf
properties are now established algebraically W
no reference to their physical reality. The algebr
representations replace the geometric objects

thiscovery of the life of a child” (1994: 69),
isorresponds to the third stage of the scheme. In this
imtage the tool is used appropriately as an
timtellectual resource. Finally, the transition from
fexternal speech to internal speech corresponds to
hae transformation of external activity to internal
iactivity as described in Stage 4.

in Similarly, |1 argue that the movement from
algebra as a tool of amplification in Stage 2 to
lalgebra as a tool of cognition in Stage 3 is reached
athen the student understands the instrumental
néunction of algebra in solving geometric problems.
iThis progress in roles from amplification to
sadgnition provokes a change in the algebra itself
oand effects the relationship between algebra and
egeometry. In this case, the conscious reflections on
alihe tool (algebraic method) causes the associated
pfskills to mature into a branch of knowledge or a
gscience in their own right (Stage 4). That is the
tHenethod of algebra’ changes into the ‘science of
algebra’ through a process of conscious reflection.
ns The historical development of algebra (Boyer,
el968; Eves, 1953) mirrors this argument. While
itthis fact is not used as an argument of the present
aibesis, it adds depth to understanding the way
ndlgebra matures as a discipline in a mathematical

geometric problem is solved algebraically. Mentahind. Historically we see the initial role of algebra
images or rough sketches of the changes progduze a ‘method’ in the service of giving rigor to
insights. The algebraic method and the visugleometry metamorphosise into its present role as a

changes have been internalised.
internalisation promotes generalisation,

Thigentral subject area or discipline’ in mathematics
wheras its nature and attributes are internalised by

different examples are represented by the samieroathematicians. As a discipline today modern

similar algebraic relationships. This stage m
the maturation of the role of the tool fro
technology to science.

Instrumental function

While Vygotsky points out that language as a t
of speech and a tool of reasoning have enti
different roots, he stresses that at a certain mor|
the two lines of development cross each other
that moment a child discovers the ‘instrumen
function’ of a word (1994: 68). Prior to this sta
the intellectual behaviour of the child indicates
independence of intellect from speech. Follow

rkslgebra rarely shows its geometrical beginnings
mexplicitly or draws on the visual images or
intuition that geometry provides (Atiyah, 1982;
Grabiner, 1995; Hilton, 1990). | suggest that it is in
Vygotsky’s Stage 3, when the method of algebra is
balsed externally to support geometry, that the
eftudent may discover the true usefulness of
negebra. Conversely as algebra develops and
Atatures into a discipline in its own right, geometry
tadr geometrical intuition can be recalled to support
yenew algebraic ideas. Pedagogically it is in this
antage that the links between algebra and geometry
ngan be forged to produce mutual feedback and

the stage of discovery of the functional importancélumination.
of a word is the stage of transition from external to

internal speech.

Vygotsky observes that the<gase studies of separated and unified practice

three main stages in the development of speech aflte theory presented here is examined in two

reasoning correspond to the three main stages different situations.
development of tools and signs |aandertaken in a regular second year abstract
reasohialgebra class at university. The second case study

cultural

discussed above. The pre-speech

The first case study is

corresponds to primitive and naive behavipuocuses on a class of mathematics education
(Stages 1 and 2), while the instrumental function dfonours students participating in a course in
a word, which Vygotsky describes as the “greaiegeometry. The two case studies were carried out
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for different purposes. In the first case study thm-one and onto. These new algebraic techniques
aim was to support or contradict a hypothesis thatere introduced to support and complement the

students of abstract algebra do not integrate thgieometric methods that students had used at
new algebraic skills with existing techniques frgnschool. It was emphasised in the lectures preceding
other mathematical perspectives (graphical | dhe case study that the geometric methods learned
geometrical). The second case study aimed aitschool were still useful when the mapping could

examining a change in attitude and approach bybe represented geometrically or by a graph. The
cohort of students to a problem that appears to biidents were encouraged to use any method of

(a) a : NN defined by a(n) =
Eif nis even

(b) a: P» P x Pdefined by a(x) = (x+1, x -1
Q 2: If Ba is one-to-one and a is onto, show

Q1: State whether the given mapping is onto, one-to-one, bijective.

N*1it nisodd

)

that B is one-to-one.

Equation 1: Exercise for Case 1 study.

purely algebraic, when a geometric approach ®olution to the problems.

encouraged. In this case the students
attempted the problem with no interventions,
then redid the problem after visualisation
actively promoted.

irst The exercise given to the students comprised
nidhe following (see Equation 1):

a¥he exercise was chosen in order to examine the
methods of solution, the accuracy of answers and

The two cohorts of students were substantially indicate whether or not the students, when in an

different. The first was a group of students

halgebraic environment, felt comfortable or inclined

were studying full time at a South Africgnto use geometric representations to support their

university and majoring
second was a group of in-service mathem

senior school teachers who were taking
mathematics education honours degree part-tim
the same university. In both cases the author

the course designer and lecturer. It must be n
that in both these studies, formal consent \
received from the students to use their work, th
responses and questionnaires as research data

Case Study One: An example of the separation

in mathematics. Tharguments or findings.

ics The mapping in Q 1(a) ieot one-to-one and
asing the graphical representation a counter

eetample can be found (Figure 1). The range of the

wagpping in Q1(b) can be drawn to produce support

pteml the fact that the mapping is not a bijection

vgFigure 2) since it imot onto P x P.

eir The solution of Question 2 uses the algebraic
technique for proving one-to-oneness both as a
given property and a required property. It also calls
for the use of the definition of onto mappings. As a

in modes of thought
MATH 204 Abstract Algebra is a first abstra
algebra course offered to selected students in
second year of study at university. The student
selected on the grounds of their good achieve
in an analysis course. The cohort was made u

result the algebraic manipulations are quite

tsophisticated. The problem is abstract and needs
heie application of theory (see Equation 2).

are

ent Analysis of Data

Iof Q1(a) out of the 53 students only six students

53 students, who completed three problems alpaused graphical representation to solve the problem.
bijective (one-to-one and onto) mappings that wefEhe remaining students all used a combination of
selected from tutorial exercises. Question 1(a) pmehgthy algebraic techniques and counter examples
(b) appeared to be algebraic but had geometri¢ ®@r establish (correctly and incorrectly) the results.
graphical solutions. Question 2 was theoreticah Q1(b) none of the students used any form of
with a solution that makes use of the formajraphical representation to support their
definitions of one-to-one and onto mappings. Tharguments. Only two students who used graphical
students had been introduced to algebraic methadgpresentation in part 1(a) gave correct answers in
of establishing whether given mappings were on@1(b) (without using a graphical representation). It

35



Dynamic geometry: an agent for the reunification of algebra and geometry

61 21

4 4 4 4 4 4 4

4 1 1 1 1 1 1 t
+ ° PY :
+ ® ®

Figure 1: The graph of ain Q1(a) Figure 2: The range of a in Q1(b)

is noted that all 53 students correctly proved th@1(a) was one-to-one. The algebraic routines and

mapping in Q1(b) is one-to-one, 48 correctiynot the mappings appeared to be the focus of their

proved the mapping in Q1(a) to be onto, and 38 aftention.

the 53 managed to answer Q2. Yet in all, only|11 This case study indicates that when a mapping

students answered the three questions correctlyl satisfies the bijective property the students are able
This study supports my contention that whjléo solve the problems using the algebraic

graphical representation is available to studept®chniques they have mastered. The problems

b,b,OB= Og,a0 Awitha(g)= b anda (3 F b, since ais onto B

ﬁ(b1)=,3(b2):>,3(0'(61))=,3(0’( 82)):>,6’a( q):ﬁa( az):> a= g, since fais one-to-one.

Therefore Bis a one-to-one mapping.

Equation 2: Solution to Q2.

this means of dealing with a problem is largelynvolved the concepts of one-to-one and onto for
ignored in an ‘algebra’ course, once an algorithmmvhich they had learned an algorithm. The mapping
routine is learned and assimilated by the studgnts. Q1(a) was onto and the mapping in Question
This study also highlights the fact that whilel(b) was one-to-one and so both could be correctly
algebraic techniques may be mastered they are sotved using the algorithm. The majority of the
always the best method of solving a problem.| Istudents performed this task. In terms of
Q2(b) the students were successful in showing thdygotsky’'s taxonomy they were at Stage 2,
the mapping was one-to-one but half the class alsodicating that they could use the algorithms.
erroneously, ‘proved’ it was onto. Similarly manyHowever, the responses to the mapping in Q1(a)
students, following the technique for proving| &eing one-to-one and the mapping in Q2(b) being
mapping one-to-one ‘proved’ that the mapping|ilmnto show that most of the students are not at Stage

Ql(@d Q1) Q 1(b) Q 1(b) Q2 All
“Proved” Proved Proved “Proved” Proved proved
Map 1-1 Map onto Map 1-1  Map onto correctly
No. of
Correct 17 48 53 24 38 11
answers

Table 1: The distribution of answers in the class.
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3. They ‘forced’ the algorithm to ‘work’ in order tp geometry module as part of the course. This

‘prove’ the results. | would suggest that the [1particular case study took place at the first lecture

students who achieved correct answers to all|tloé this course. The study was broken into two

questions were at Stage 3. They recognised tha therts: An initial investigation where a problem was

algorithm failed to give results in these cases armblved by the students in groups in a classroom

used alternative methods to find a solution. situation, and a follow up investigation where the
It is my suggestion that with the help of theproblem was explored in a computer laboratory by

geometric representation many of the studenssudents individually.

would have successfully answered all the The aim of the study was to investigate:

questions. The graphical representations wqud How students solved the problem.

help the students to focus on the actual mapp|ngs How they categorised the problem.

and to use the algorithms or set routines whese \Whether students understood the nature

appropriate. This support would help the students of the problem and its solution.

achieve the functional cognition of Stage |3. Changes in student responses resulting

Evidence from Case 2 indicates that as studentsfrom joint geometric and algebraic

broaden their perspectives to incorporate| a exploration of the problem.

. XA =x+1
The Problem: For which values of k will ———— = k have real roots?
X°+ x+1

What are the maximum and minimum values of k for x real?

Equation 3: Problem for Case 2 study.

graphical or geometric representation, theifhe students’ responses to the questionnaire, their
understanding of the algebraic concepts | written solutions and comments were examined.

enhanced. This questionnaire was first completed after the
initial work period, and then again after the

Case Study Two: An example of the computer laboratory session. In addition the
reunification of modes of thought students (working in groups) compiled a document

SCED 400 is a two-year, part-time, postgraduatecording their solutions, impressions and rough
course in Mathematics Education. 22 studgntgork of the two sessions and their reflections on
(two students did not respond to questionnaire)| alle problem solving experience.

of whom are practicing teachers, participated in a The problem can be looked at in various ways.

alais = k)® k k
TX+1:k:>x2—x+1: k(X + x+1) A = (-1-Kk) - 4(1-K) (1- k)
X - )
= x*(1- k) + x(-1- K)+ 1~ k= 0 =k*+2k+1- 4(K* - 2k+ 1)
= -3k’ +10k- 3

=(-3k+1)(k-3)
A20= (-%+1)k-3)= 0
= (-3k+1)=0andk—- 3k Oor{ B+ B Oankt 1)

:ksé andk = Sorkzg anks 3

=— < k<3

Wl

Equation 4: Algebraic solution to problem in Case 2 study.
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equation inx and solveA =0 (Equation 4). Th
method does not require any geome

The algebraic approach is to find a quadr%ti(

any way.

Geometrically the problem could be looked|at
in three different ways. The dynamic geomelry
system can be used to animate the varipu

positions of the parametkr
Casel. Sketch intersections of the

2

X°=Xx+1

curves f (X) =——— andg(x) =k,
() =7 2d9K)

allowingk to vary from
min{ f( ) |xJi}to mak ()X i} as
in Figure 3.
Case 2. Sketch the quadratic
function y = X (1- k) + x(-1- K)+1- k,
varyingk through all real numbers,
showing its limiting positions for real
solutions (Figure 3).
Case 3. Sketch the discriminam of
y=xX(1- K+ x-1- K+1- k and
indicate wheré\ =0 as in Figure 5.

In Figure 3 and Figure 4 the continuously
varying k can be used to corroborate the

solution és k<3, obtained either

algebraically or from Case 3 (Figure 5), and
that these bounds are the minimum and
maximum values ok respectively.

Figure 3: Graph in Case 1.

In this example theGeometer's Sketchpad
introduces different perspectives of the sa

quadratic equationA (k) =-3k* +10k- 3 that
needs to be solved fdk >0 may be avoided or ir

38

ric
representation and does not refer to the
polynomials comprising the rational function |n

~ Position of curve for minimum and maximum valueskﬁ:% andk= 3.

Position of curve for 1 <k<3
3

Figure 4. Graph in Case 2.

turn explained, as the inequali% <k <3 keeps

reoccurring in each approach.

Figure 5. Graph as in Case 3.

Analysis of Data
The 22 students completed the problem in four
groups, comprising two groups of five (Groups 1
and 4) and two groups of six (Groups 2 and 3). The
problems were discussed on the board and the
solutions submitted. It was evident that all the
students understood what was expected of them
and completed the problem routinely. They
expressed the fact that the problem was one that
they were familiar with and was a standard
problem at grade 11 and 12 at school. When asked
about the geometrical significance of the problem

: ™Pey all drew the Real line and indicated the
problem. The confusing appearance of th

fhterval where the possible solutions lay. The class
remained unresponsive when pressed for a further
geometrical interpretation of the problem:
“Initially ... we believed the question to be only
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algebraic in nature. We could all reach the correg
answer but were not sure of the meaning of
result’ (Group 4 reaction) andiriitially we only
relied on algebraic manipulation of the equatig
with no idea that the equation (problem) could
dealt with geometrically(Group 1 reaction). The
students were surprised to be asked abol
geometrical significance. They felt the problg
was an algebraic problem.
The class then set up the curves W

Geometer's Sketchpadising the various forms

(see Figures 3, 4, and 5) of the equat
(intersecting curves) as indicated. In each case

1
solution 5 <k <3reappeared, although th

equation occurred in equivalent forms.
The class’ responses to the problem presum
changed as a result of the intervention. The res

of the questionnaire indicate a swing from thinking

strictly algebraically to mixing algebra ar
geometry. Before the intervention 15 of t
students classified the problem as being stri

algebraic and five classified it as being both

algebraic and geometric (with two of the fi
indicating the geometric aspects of the problem
in the solution on a number line). The work hang

cgeometric or graphical significance of the problem
hend of its solution.

The reflections of the students in the documents

nrecording their impressions of the intervention are
balso illuminating. These expressions give evidence

of the effectiveness in combining a geometrical
taad algebraic approach to this type of problem

ne
ctly Provide exact answers but allowed us to

nsolving activity.

“We also realise that the geometry
ith aspect of the problem is very important
as it attempts to show how these values
on are true for the given equation, it also
the gives insight in terms of explaining why

the values x[0.3;3]will produce real

roots for the equatidiiGroup 1 reaction)
“We were very impressed with

e

hbly Sketchpad's capability to show how the

ults 9raph changed from parabola concave
up, to straight line, to parabola concave
down depending on k...the graphical
approach using Sketchpad did not

d

view the problem from different

graphical perspectives. We felt that this
approach to teaching mathematics would
act as a catalyst to develop conceptual

e

lay
ed

in concurred with this result. The only ‘geometfy’ understanding rather than procedural

in their work was the representation of the solut
to the problem on a number line.

The questionnaire also indicated that all |
students believed that you needed knowledged
quadratic formula, equations and roots
understand the problem, while knowledge d
graphs, curves and their intersections was
relevant (only one student saw this aspect as b
highly  significant to the problem) fo

geometry all the students acknowledged

understanding. After the intervention with dynanFc discovered

Algebraic

understanding. Finally, for a complete
understanding of the problem, we felt
he thatwe should consider the problem from
\ of @S many angles as possibléGroup 4
to reaction).

f  “The solution we got from this parabola
not confirms the solution we got from the

on

BiNg algebraic method where% <k<3. We

I
that both
he method and the graphical

the algebraic
method

Algebraic and

Geometric
Before After Before After

Classification of 15 5 5 18

problem
Understanding

the Problem 16 3 4 18

Solving the 18 13 > -
problem

Table 2: Analysis of Rational Function Questionnaire.
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resolution of the problem and not the application of
the algorithm that is the centre of mathematical
attention. If the attention of the student is drawn
back to the given problem then the instrumental
function of the algebraic tool will be established.
The unity between the task that must be completed
and the method used to complete it, indicates that
Stage 3 of the cultural development has been
engaged. It is here that visualisation and the
technologies of dynamic geometry can play a vital
role. The graphical representations allow reflection
heon the purpose and process of the algorithm.
ingsAn algebraic problem stated in a decon-
hagxtualised form promotes algorithmic solution as
introducing the graphical representations usjniipe primary activity. Thus the activity belongs at
Sketchpad broadened the perspectives of th&tage 2 of naive amplification in Vygotsky’'s
students. The intervention stimulated the studenimxonomy. If the same algebraic polynomials are
to ask questions about the meaning anelated to the curves they represent then through
interpretation of the results. The algebra could thesisualisation, with dynamic geometry or through
be seen as bringing rigor to the geometric insightough sketches, a gateway to deeper understanding
In the case of Group 3 and 4 there was|anay be opened. This activity may encourage
indication that the third stage of Vygotsky/sstudents to proceed into Stage 3 of cognitive
taxonomy was engaged. This is evidenced by thdirnctioning.
clear and insightful reflections on tl&ketchpad Vygotsky suggests that it is in the important
intervention. third stage of ‘instrumental functioning’ that the
child masters his external nature by means of
Conclusions techniques or technical means. In this stage the
The two case studies examined above serve tmol has not yet been internalised and still serves as
support the hypothesis that for most students in|tiaetechnology in solving problems. | suggest that
groups there is a separation in the thinking mogddisis instrumental function of algebra in solving
of algebra from geometry. problems in geometry lies at the gateway of the
The first study underscored the fact that eyeinternalised science of algebra. Here the geometry
among a mathematically talented group |dfrings deeper understanding of the algebraic
students, the compartmentalising of the differerdoncepts. When viewing algebra as a tool we have
disciplines was almost complete. The studgnteccess to the very process of formation of the
were familiar with the process of checking one-fdaigher forms of behaviour as manifest in abstract
one and onto graphically from school, but the newaigebra. | believe that in order to understand the
algorithmic procedure took precedence in themxtent of concept development in abstract algebra
solutions, even when it proved insufficient to theve need to accentuate and observe the external
task. In the second study, no more than [th@rocess of algebra as a method of solution to
algebraic algorithm was needed to solve theroblems in geometry and use geometry to support
problem. However, insight and understanding iptand extend algebraic manipulations. In this way we
what the algorithm was doing was missing. Theill hold the outer threads of the abstract, internal
introduction of the geometric approach to th@rocesses in our hands.
problem broadened the perspective of the students
allowing them to see the purpose of algebra asReferences
tool in geometry. Here dynamic geometry playjedPPLEBAUM, P., 1999, “The stench of
an important role. Hence in both cases the perception and the cacophony of mediation”,

(Sketchpad) complement each other but
the graphical one gives insight into the
solutions  though  sometimes the
sketchpad does not give answers but
estimations... the algebraic solution of
inequalities in most cases gives learners
problems especially where the inequality
sign has to change. Using both methods
can be more helpful to learners because
they will have more insight into the
problems (Group 3 reactions).

Referring to the Vygotsky taxonomy, | believe t

students had all achieved the naive understand

of Stage 2 before the intervention. | suggest {

separation robbed the mathematical endeavo
its depth and relevance.

As | have noted previously, algebrd
representation is used to reduce the complexity
problem in mathematics. Once the problem has
algebraic formulation a solution may be fou
through an appropriate algorithm. Yet it is t
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“If the human brai
that we could und

n was so simple
erstand it, we

would be so simple that we

couldn’t.”

Willem Hendrik Gispen
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