
Pythagoras, 71, 41-52 (July 2010) 41 

An APOS Analysis of Students’ Understanding 

of the Concept of a Limit of a Function 
 

Aneshkumar Maharaj 

School of Mathematical Sciences 

University of KwaZulu‐Natal 

maharaja32@ukzn.ac.za 

 

 

This  article  reports  on  a  study which used  the APOS  (Action‐Process‐Object‐Schema)  theory 

framework to investigate university students’ understanding of limits of functions. The relevant 

limit concepts were taught to undergraduate science students at a university in Kwazulu‐Natal 

in  South Africa.  This  paper  reports  on  the  analysis  of  students’  responses  to  four  types  of 

questions on  limits of functions. The findings of this study confirmed that the  limit concept  is 

one  that  students  find difficult  to understand, and  suggests  that  this  is possibly  the  result of 

many  students  not  having  appropriate mental  structures  at  the  process,  object  and  schema 

levels. 

 

In South Africa Grade 12 learners are exposed to an intuitive understanding of the limit of functions. This 
occurs in the context of the evaluation of limits of functions when finding derivatives from first principles 

of basic functions of the types ݂ሺݔሻ ൌ ܾ, ݂ሺݔሻ ൌ ,ݔ ݂ሺݔሻ ൌ ,ଶݔ ݂ሺݔሻ ൌ ሻݔଷ and  ݂ሺݔ ൌ
ଵ

௫
  (Department 

of Education, 2003). For this given context calculations for the limit of a function as x approaches a, 
create the impression that this is the same as the value of the function at a. During the past eight years, 
this is what my interactions with first year university mathematics students indicated. When confronted 
with a problem to evaluate a limit of a function, many students simply proceed to find the corresponding 
function value; even when the limit or this function value does not exist. This indicated that there was a 
need to engage with a study on students’ understanding of the concept of a limit of a function. The 
research questions for this study were: 

o How should the teaching of the concept of a limit of a function be approached? 
o What insights would an APOS analysis of students’ understanding of the concept of a limit of a 

function reveal? 

 

Theoretical framework  

This study is based on APOS theory (Dubinsky & McDonald, 2001). APOS theory proposes that an 
individual has to have appropriate mental structures to make sense of a given mathematical concept. The 
mental structures refer to the likely actions, processes, objects and schema required to learn the concept. 
Research based on this theory requires that for a given concept the likely mental structures need to be 
detected, and then suitable learning activities should be designed to support the construction of these 
mental structures.  

Asiala, et al. (1996) proposed a specific framework for research and curriculum development in 
undergraduate mathematics education. The framework consists of the following three components: 
theoretical analysis, teaching, and observations and assessment of student learning. According to Asiala et 
al. (1996), APOS theory functions according to the paradigm illustrated in Figure 1.  
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In this paradigm, theoretical analysis occurs relative to the researcher’s knowledge of the concept in 
question and knowledge of APOS theory. This theoretical analysis helps to predict the mental structures 
that are required to learn the concept. For a given mathematical concept, the theoretical analysis informs 
the design and implementation of teaching. These are used for collection and analysis of data. The 
theoretical analysis guides the latter, which Figure 1 indicates could lead to a modification of the initial 
theoretical analysis of the given mathematical concept. 

 

Figure 1: Paradigm: General research programme 

 
Description of the APOS/ACE teaching 

APOS Theory and its application to teaching practice are based on two general hypotheses developed to 
understand the ideas of Jean Piaget. In some studies (see, for example, Weller et al., 2003), these ideas 
were recast and applied to various topics in post-secondary mathematics. Piaget investigated the thinking 
of adolescents and adults, including research mathematicians. Those investigations led him to uncover 
common characteristics, specifically certain mental structures and mechanisms that guide concept 
acquisition (Piaget, 1970).  APOS theory and its application to teaching practice are based on the 
following assumptions (Dubinsky, 2010): 

o Assumption on mathematical knowledge: An individual’s mathematical knowledge is his/her 
tendency to respond to perceived mathematical problem situations and their solutions by reflecting on 
them in a social context, and constructing or reconstructing mental structures to use in dealing with 
the situations.  

o Hypothesis on learning: An individual does not learn mathematical concepts directly. He/she applies 
mental structures to make sense of a concept (Piaget, 1964). Learning is facilitated if the individual 
possesses mental structures appropriate for a given mathematical concept. If appropriate mental 
structures are not present, then learning the concept is almost impossible.  

The above imply that the goal for teaching should consist of strategies for helping students build 
appropriate mental structures, and guiding them to apply these structures to construct their understanding 
of mathematical concepts. In APOS theory, the mental structures are actions, processes, objects, and 
schemas. In the following each of these are briefly described. Then the ACE teaching cycle; which 
constitutes the pedagogical strategies used to follow the hypothesis and the implication for teaching; is 
described.  

After these general considerations, the assumption on mathematical knowledge is focused on by making 
an APOS analysis of the condition for the existence of a limit of a function. The result of this analysis is 
called a genetic decomposition. A genetic decomposition of a concept is a structured set of mental 
constructs which might describe how the concept can develop in the mind of an individual (Asiala, et. al., 
1996). So, a genetic decomposition postulates the particular actions, processes, and objects that play a 
role in the construction of a mental schema for dealing with a given mathematical situation. The genetic 
decomposition arrived at for the limit of a function concept, is indicated in the methodology section. 

 
APOS theory  

The main mental mechanisms for building the mental structures of action, process, object, and schema are 
called interiorisation and encapsulation (Dubinsky, 2010; Weller et al., 2003). The mental structures of 
action, process, object, and schema constitute the acronym APOS. APOS theory postulates that a 
mathematical concept develops as one tries to transform existing physical or mental objects. The 

Theoretical analysis 

Design and implementation 
of teaching 

Collection and analysis 
of data 



Aneshkumar Maharaj 

43 

descriptions of action, process, object and schema; given below; are based on those given by Weller, 
Arnon and Dubinsky (2009). 

o Action:  A transformation is first conceived as an action, when it is a reaction to stimuli which an 
individual perceives as external. It requires specific teaching, and the need to perform each step of the 
transformation explicitly. For example, a student who requires an explicit expression to think about a 
limit of a function, lim௫՜௔ ݂ሺݔሻ, and can do little more than substitute values of ݔ close to ܽ for the 
variable in the expression ݂ሺݔሻ and manipulate it, is considered to have an action understanding of a 
limit of a function.  

o Process:  As an individual repeats and reflects on an action, it may be interiorised into a mental 
process. A process is a mental structure that performs the same operation as the action, but wholly in 
the mind of the individual. Specifically, the individual can imagine performing the transformation 
without having to execute each step explicitly. For example, an individual with a process 
understanding of the limit of a function; lim௫՜௔ ݂ሺݔሻ; will construct a mental process for values of 
 close to ܽ  and think in terms of inputs, possibly unspecified, and transformations of those inputs to ݔ
produce outputs.  

o Object:  If one becomes aware of a process as a totality, realises that transformations can act on that 
totality and can actually construct such transformations (explicitly or in one’s imagination), then we 
say the individual has encapsulated the process into a cognitive object. For example, for the limit of a 
function concept an individual may confront situations requiring him/her to apply various actions 
and/or processes. These could include thinking about an operation that takes two functions and 

produces a new function, such as in lim௫՜ସశ
ସି௩

|ସି௩|
 or lim௫՜଴ష ቀ ଵ

ୱ୧୬ ௫
ቁ . In order to operate on the one 

sided-limit of this new function, the process understanding must be encapsulated and converted to an 
object. 

o Schema:  A mathematical topic often involves many actions, processes, and objects that need to be 
organised and linked into a coherent framework, called a schema. It is coherent in that it provides an 
individual with a way of deciding, when presented with a particular mathematical situation, whether 
the schema applies. For example, the coherence might lie in the understanding that to determine the 
existence of a limit of a function, lim௫՜௔ ݂ሺݔሻ, the following must be considered: input values to the 
left and right of ܽ, the corresponding output values, and a means of transforming elements of the 
inputs to elements of the outputs.  

Explanations offered by an APOS analysis are limited to descriptions of the thinking which an individual 
might be capable. It is not asserted that such analyses describe what “really” happens in an individual’s 
mind, since this is probably unknowable. Also, the fact that an individual possesses a certain mental 
structure does not mean that he or she will necessarily apply it in a given situation. This depends on other 
factors, for example managerial strategies, flexibility, prompts and emotional states. The main use of an 
APOS analysis is to point to possible pedagogical strategies. Data is collected to validate the analysis or 
to indicate that it must be reconsidered. For more details see Asiala et al. (1996), and Dubinsky and 
McDonald (2001). 

 
The ACE Teaching Cycle  

This pedagogical approach, based on APOS theory and the hypothesis on learning and teaching, is a 
repeated cycle consisting of three components: (A) activities, (C) classroom discussion, and (E) exercises 
done outside of class (Asiala, et. al., 1996). The activities, which form the first step of the cycle, are 
designed to foster the students’ development of the mental structures called for by an APOS analysis. In 
the classroom the teacher guides the students to reflect on the activities and its relation to the 
mathematical concepts being studied. Students do this by performing mathematical tasks. They discuss 
their results and listen to explanations, by fellow students or the teacher, of the mathematical meanings of 
what they are working on. The homework exercises are fairly standard problems. They reinforce the 
knowledge obtained in the activities and classroom discussions. Students apply this knowledge to solve 
standard problems related to the topic being studied. The implementation of this approach and its 
effectiveness in helping students make mental constructions and learn mathematics has been reported in 
several research studies. A summary of early work can be found in Weller et al. (2003).  
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Literature review 

There are many studies on students’ understanding of the concept of a limit of a function (e.g. Cornu, 
1992; Davis & Vinner, 1986; Li & Tall, 1993; Maharajh, Brijlall, & Govender, 2008; Monaghan, Sun, & 
Tall, 1994; Tall, 1992; Tall & Vinner, 1981; Williams, 1991). These studies indicate that students have 
difficulties with the concept of a limit of a function in the context of functions and continuity or series and 
sequences, and many of the difficulties encountered by students in dealing with other concepts; for 
example continuity, differentiability and integration; are related to their difficulties with limits.  

Some researchers (Cornu, 1992; Sierpińska, 1987) reported that a high percentage of students have a 
static view of mathematics. Such students can only deal with a very specific calculation that is placed 
before them. Students with such a view will have difficulties with the limit of a function concept. The 
term procept is used to indicate that mathematical symbolism can ambiguously represent either a process 
or a concept (Monaghan et al., 1994). So, the symbol lim௫՜௔ ݂ሺݔሻ is an example of a procept since it 
represents the process of getting to a specific value, or the value of the limit of the function itself. 
However, unlike the procepts of elementary mathematics, where an algorithm can be used to calculate the 
specific value of the concept, the limit value does not have a universal algorithm that works in all cases. 
Further, the limit of a function concept is not restricted to a finite computation that gives a definitive 
answer. This is precisely where the distinction between an action and a process comes in. It could be 
argued that once a calculation involves an infinite number of steps, it could only be understood through a 
process conception. A commonly cited difficulty that students have in constructing a process conception 
of limit of a function, is their perception of a limit of a function as something that is actually never 
attained (Cottrill, Nichols, Schwingendorf, Thomas, & Vidakovic, 1996; Dubinsky, 2010).  

It seems that many students perform poorly because they: (a) are unable to adequately handle information 
given in symbolic form which represent objects [abstract entities], for example functions, and (b) lack 
adequate schema or frameworks, which help to organise and link different objects (Maharaj, 2005). 
Giraldo, Carvalho and Tall (2003) distinguish between a description of a concept, which specifies some 
properties of that concept and the formal concept definition. Some descriptions commonly employed in 
the teaching of limits of functions include table of values, graphical and algebraic representations. 
Individually these involve limitations that do not fully reflect the mathematical situation. The teaching 
implication is that a variety of representations should be used, and to encourage students to engage with a 
flexibility of mathematical conceptions of  lim௫՜௔ ݂ሺݔሻ . 

 

Participants and methodology 

 
Participants and aim of module studied 

The participants for this study were 891 science students at a university in KwaZulu-Natal in 2010; about 
66% of these were first year students. The students were studying a compulsory mathematics service 
module towards their Bachelor of Science degrees. Major subjects for these students varied over 
chemistry, physics, biology, zoology and pharmacy. The aim of the module studied is to introduce 
students to the fundamental principles, methods, procedures and techniques of mathematics and statistics 
as the language of science. These students attended their lectures in one of three timetable groups. I was 
the lecturer to all the students. This was the context for the theoretical analysis of the limit of a function 
concept. 

 
Theoretical analysis of the limit concept using an APOS approach, genetic decomposition 

The theoretical analysis indicated the type of mental structures of action, process, object, and schema 
relevant to both the limit of a function concept and types of limit problems that the participants 
encountered. Those mental structures were described in the section on APOS theory above. The following 
genetic decomposition was detected. At an action level a student confronted with the limit of a function, 
lim௫՜௔ ݂ሺݔሻ, can do little more than substitute values of ݔ  close to ܽ for the variable in the expression 
݂ሺݔሻ and manipulate it, and may or may not begin to see a pattern emerging.  A process understanding of 
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the limit of a function; lim௫՜௔ ݂ሺݔሻ; emerges as the student constructs a mental process for values of 
 close to ܽ  and thinks in terms of inputs, possibly unspecified, and transformations of those inputs to ݔ
produce outputs.  At the object level, the student sees this string as a totality and can perform mental or 
written actions on the one sided-limits of the given function, the process understanding is encapsulated 
and converted to an object, lim௫՜௔ ݂ሺݔሻ which may or may not exist. At the schema level the actions, 
processes, and objects are organised and linked into a coherent framework. This framework includes 
possible techniques for evaluating lim௫՜௔ ݂ሺݔሻ; where ܽ could be ∞ or  െ∞. 

 
The ACE teaching cycle 

This was informed by the theoretical analysis of the limit of a function concept and the types of limit 
problems that the students had to be exposed to. The key question for a 45 minute lecture session was: 
When does lim௫՜௔ ݂ሺݔሻ exist? Activities were formulated and these were projected by use of a PC tablet. 
An example of an activity is given in Appendix A. A reasonable time was given for students to reflect and 
work on each activity; they were free to discuss with other students sitting beside them and to use the 
prescribed textbook. While students engaged with the activities I observed how they worked, their 
difficulties and aspects that required further explanations. These informed my explanations; using a PC 
tablet; to the class. Another 45 minute session was devoted to activities based on techniques for finding 
limits of functions, including limits at infinity. The activities and explanations incorporated use of 
graphical representations to answer questions on limits of functions, including limits of split-functions of 
the types given in symbolic notation; for types see questions 3 and 4 in Appendix A, and question 1 in 
Appendix B. Activities and classroom discussions were followed by homework exercises, which students 
had to work on as part of their tutorial requirements. A PC tablet was used to summarise the lecture-room 
discussions. These summaries were available to students, on the website for the module. During the 3 
hour tutorial sessions about a week later, students were in groups of about 35. In their groups they could 
further discuss the homework exercises with their tutors. 

 
Tools for collection of data 

About 3 weeks after the tutorials a multiple choice questions (MCQs) test was administered to 868 
students. The questions set were similar to those for the activities and homework. Students were required 
to first work out the solutions in the space below each question and then to mark their choices on the 
multiple-choice-question cards. Each question was given a weighting of 3 marks. Students were informed 
that to discourage guessing, negative marking applied, i.e. -1 for each incorrect choice, which was a 
Science Faculty requirement for the use of MCQs at the university. The four questions on limits of 
functions are given in Appendix B. Note that the second question is based on the concept of continuity, 
which incorporates the concept of the existence of a limit of a function. The teaching for the section on 
continuity was similar to that outlined above, in that the ACE teaching cycle was followed. The options 
given for each of the MCQs were constructed bearing in mind the APOS levels of mental structures. 

 

Analysis, findings and discussion 

To represent the analysis, findings and discussion for each of the four questions in a reader friendly 
format, the following subheadings which describe the type of question are used: 
o Limits of split-functions represented in symbolic form 
o Continuity application of split-functions represented in symbolic form 
o Limits of functions not defined at ݔ ൌ ܽ 
o Limits of rational functions at infinity 
 
Under each of these subheadings the relevant test item and question analysis is given. The question 
analysis indicating number of student choices and the percentage (correct to one decimal place) for each 
of the four questions are indicated in Tables 1 to 4 below. In each of these tables “*” denotes the letter of 
the correct answer, for example D is the correct answer for Question 1. The Omit index gives the number 
of students who did not mark any of the alternatives, and the Bad index gives the number of students who 
marked more than one choice.  
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Limits of split-functions represented in symbolic form  

1. Let  








 3  if   6

3   if2
)(

xx

xx
xf  

Then lim
௫՜ଷ

  ݂ሺݔሻ 

A) is 5 B)  is 3 C)  is 6 D)  does not exist E)  is none of these 

 

Table 1: Question 1 analysis of student choices (ܰ ൌ 868ሻ 

A B C D* E Omit index Bad index 

99 
11,4% 

81 
9,3% 

26 
3% 

444 
51,2% 

34 
3,9% 

181 
20,9% 

3 
 

 

Question 1 is based on finding the limit of a split-function f (x), as x approaches a value in the domain 
where the function is split. The question analysis in Table 1, using the totals for choices A and B, 
indicates that 180 students conceptualised )(lim

3
xf

x
 to be the same as one of the one-sided limits 

)(lim
3

xf
x 

or )(lim
3

xf
x 

. In the APOS framework, using the genetic decomposition I arrived at, this 

means that those students’ mental constructions were at best at the action level. This suggests that for 
evaluation of limits of split-functions, approximately 21% of the students had mental constructions 
developed up to the action level. The numbers for choice C suggests that a total of 26 students 
(approximately 3%) had no idea of the basic technique for finding the limit of a split-function given in 
algebraic form; that is when the split-function is expressed in symbolic notation. A possible reason for 
206 students selecting choices A, B or C is that they did not fully understand the concept of a split-
function. This implies that it seems that approximately 23,7% of the students did not understand the 
concept of a split-function when such a function is represented in algebraic form. Table 1 also indicates 
that 444 students marked the correct choice for Question 1. In the context of my genetic decomposition 
this suggests that for evaluation of limits, of the type of split-functions under discussion, approximately 
51,2% of the students had mental constructions developed up to the object level. Table 1 indicates that 34 
students chose option E. This suggests approximately 4% of the students could have made calculation 
errors; and if this is accepted; their mental constructions were probably functioning at the object level. So 
it seems that approximately 55% of the students had appropriate mental structures in place for some sort 
of effective schema to evaluate the limit of a split-function f (x) given in symbolic form, as x approaches a 
value in the domain where the function is split. Table 1 also indicates that a large number of students 
(181, about 21%) did not indicate any choice. One of the reasons for this is that they did not have any idea 
of how to work out the solution of such questions and did not guess, for fear of losing marks. 

 

Continuity application of split-functions represented in symbolic form 

2. Let 













3  if1

3   if
3

152
)(

2

xkx

x
x

xx
xg  

The value of k that will make the function g continuous is 

A)  -3 B)  4 C)  -15 D)  2 E)  none of these 
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Table 2: Question 2 analysis of student choices (ܰ ൌ 868ሻ 

A B* C D E Omit index Bad index 

70 
8,1% 

229 
26,4% 

30 
3,5% 

82 
9,4% 

100 
11,5% 

352 
40,6% 

5 

 

An analysis of Question 2 reveals that the point of discontinuity occurs at ݔ ൌ 3. This is the crucial 
observation from the structure of the given split-function. The question is based on finding an unknown 
coefficient of one of the functions; in a split-function; which will make the entire function continuous on the 
interval ሺെ∞, ∞ሻ. This requires continuity at ݔ ൌ 3, which implies that the condition lim௫՜ଷ ݃ሺݔሻ ൌ ݃ሺ3ሻ 
must be satisfied. The type of mental conception required here involves the formulation of 
lim௫՜ଷ ݃ሺݔሻ ൌ ݃ሺ3ሻ as an equation which should be treated as an object. Further the successful use of 
this equation depends on an appropriately developed schema. This must incorporate conceptualisation of 
split-functions represented in symbolic form, as objects.  

Note that in Question 2, if ݔ ് 3 then ݃ሺݔሻ ൌ
ଶ௫మି௫ିଵହ

௫ିଷ
. So options A, C and D deal with distracters 

which were arrived at from this structure. If this is accepted then the question analysis in Table 2; using 
the totals for options A, C and D; indicates that 182 students (approximately 21%) possibly had mental 
constructions which were not even at the action level. Table 2 also suggests that 229 students 
(approximately 26,4%) possibly had appropriately developed schema for applications on continuity of 
split-functions represented in symbolic form. Since 100 students chose option E, this suggests 
approximately 11,5% of the students could have made calculation errors. If this is accepted then their 
mental constructions probably incorporated appropriate schema for applications on continuity of split-
functions represented in symbolic form. So it seems that approximately 38% of the students had 
appropriate mental structures in place for some sort of effective schema for applications on continuity of 
split-functions represented in symbolic form. Table 2 also indicates that a large number of students 352 
(approximately 40,6%) did not indicate any choice. One of the reasons for this is that they did not have 
any idea of how to work out the solution of such questions and did not guess, for fear of losing marks.  

 

Limits of functions not defined at ݔ ൌ ܽ 

3. The following limit is equal to: 

lim
௫՜ଷ଺

  
ݔ√ െ 6
ݔ െ 36

 

A)  
ଵ

଺
 B)  0 C)  ∞ D)  

ଵ

ଵଶ
 E)  ∞ 

 

Table 3: Question 3 analysis of student choices (ܰ ൌ 868ሻ 

A B C D* E Omit index Bad index 

68 
7,8% 

269 
31% 

46 
5,3% 

254 
29,3% 

103 
11,9% 

124 
14,3% 

4 

 

Question 3 is based on the evaluation of limits of functions not defined at ݔ ൌ ܽ. The limit of the function 
cannot be found by finding the corresponding function value. The technique here is to express the 

function in factorised form √௫ି଺

൫√௫ା଺൯ሺ√௫ି଺ሻ
 , noting that ݔ ് 36 simplifies this to 

ଵ

൫√௫ା଺൯
,  and then finding 

lim௫՜ଷ଺  
ଵ

√௫ା଺
. Noting that 

ି଺

ିଷ଺
ൌ

ଵ

଺
 , Table 3  suggests that the 68 students (approximately 7,8%) had 

mental constructions which were not even at an action level. The distracters given as options B, C and E 
were designed for responses at a limited action level. If this is accepted then Table 3 suggests that 418 
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students (approximately 48,2%) possibly used mental constructions at some sort of action level. The 254 

students (approximately 29,3%) who marked the correct answer, conceptualised lim௫՜ଷ଺  √௫ି଺

௫ିଷ଺
  as an 

object. Further, using this object it seems they had appropriate schema to deal with the relevant imbedded 
and implied information. Table 3 suggests that 124 students (approximately 14,3%) did not have any idea 
of how to work out the solution of such questions and did not guess, for fear of losing marks. So, it seems 
that at least 22% of the students had mental constructions not developed to any of the levels indicated in 
APOS Theory.  

 

Limits at infinity of rational functions 

4. The following infinite limit is equal to: 

lim
௫՜ஶ

െ3ݔଶ ൅ ݔ3 െ 8
െ6ݔଶ ൅ 10

 

A)   െ
ହ

ସ
  B)   0  C)   ∞  D)   

ଵ

ଶ
  E)    none of these 

 
Table 4: Question 4 analysis of student choices (ܰ ൌ 868ሻ 

A B C D* E Omit index Bad index 

29 
3,3% 

41 
4,7% 

139 
16% 

400 
46,1% 

75 
8,6% 

182 
21% 

2 

 

Question 4 is based on finding the limit at infinity of rational functions; the case where the polynomials in 
the numerator and denominator are of the same degree. Table 4 implies that the 180 students 
(approximately 20,7%); those who chose options B and C; had no appropriate schema to deal with finding 

the limits at infinity of rational functions. Noting that െ
ହ

ସ
 is the reciprocal of  

ି଼

ଵ଴
, Table 4 suggests that the 

29 students (approximately 3,3%) had mental constructions not even at the action level. Table 4 also 
implies that at least 400 students (approximately 46%) had appropriately developed schema to deal with 
problems based on finding the limits at infinity of rational functions; in particular the case where the 
polynomials in the numerator and denominator are of the same degree. The 75 students (approximately 
8,6%) who chose option E, could have made calculation errors; and if this is accepted; their mental 
constructions probably incorporated appropriate schema for finding limits of rational functions, at 
infinity. So it seems that at most approximately 54,7% of the students had mental structures appropriately 
developed to some sort of effective schema for finding limits of rational functions, at infinity; in 
particular the case where the degree of the polynomial in the numerator is equal to that of the polynomial 
in the denominator. 

The above analyses indicated that the types of MCQs used basically gave information on the highest 
potential mental structure levels of those students, according to APOS Theory. If this is accepted then the 
findings and analyses from Tables 1 to 4 are summarised in Table 5. Table 5 gives the highest potential 
levels of those students’ mental structures for the four types of questions, indicated as subheadings in 
italics above, into which the four MCQs were classified. 

For example, Table 5 suggests that for Question Type 1 (limits of split-functions represented in symbolic 
form) the responses of students indicated that their mental structures were 3% at not even an action level, 
21% towards a potential process level, and 54,2% towards a potential schema level. Table 5 can be 
similarly interpreted for the other question types. The word potential is used since relevant mental 
structures at the action level should be in place for understanding to occur at the process level. According 
to APOS Theory, the challenge in teaching is to help such students to first attain the mental structures 
required for process understanding.  
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Table 5: Percentage of responses towards highest potential levels according to mental structures 

Question Type < Action level ActionืProcess Object՜Schema 

1 3 21 54,2 

2 21  37,9 

3 7,8 48,2 29,3 

4 3,3 2,7 54,7 

 
For Question 1 this would require the evaluation of both the one-sided-limits of the function, namely 

)(lim
3

xf
x 

and )(lim
3

xf
x 

, then this needs to be encapsulated to form the object ).(lim
3

xf
x

Once 

students have the relevant structures for object-level understanding, then the challenge is to help such 
students develop some sort of effective schema, which incorporates an organisational framework for 
using the actions, processes and objects to evaluate limits of a function ݂ሺݔሻ as ݔ approaches ܽ. So 
teaching here would require suitable teaching on the following three types of limits of functions; using 
different representations for )(xf ; )(lim

3
xf

x 
, )(lim

3
xf

x   
and )(lim

3
xf

x
. These representations should 

be verbal, graphical and algebraic. Since this study used algebraic and graphical representations, it seems 
that more emphasis should be on verbal representations. This could lead to graphical representations. For 
example, the following three activities could accomplish these: 

 
Activity 1 

A function ݂ behaves in the following way near ݔ ൌ 3: 
As ݔ approaches 3 from the left, ݂ሺݔሻ approaches 2. 
As ݔ approaches 3 from the right, ݂ሺݔሻ approaches 1. 

For the above situation you are required to: 

1. Draw a sketch to illustrate the behaviour of ݂ near ݔ ൌ 3. 
2. Write the 2nd and 3rd sentences in symbolic form. 
3. Check that your symbolic form agrees with the sketch you drew. 
4. Determine with reasons if lim௫՜ଷ ݂ሺݔሻ exists. 

 
Activity 2 

Consider the split function ݃ሺݔሻ ൌ ቄݔ ൅ 2  if  ݔ ൑ 3
6 െ ݔ  if  ݔ ൐ 3

. 

For this function you are required to: 

1. Use the symbolic form to explain in your own words the behaviour of ݃ near ݔ ൌ 3. 
2. Use the symbolic form to draw the graph of ݃. 
3. Evaluate lim௫՜ଷష ݃ሺݔሻ and lim௫՜ଷశ ݃ሺݔሻ. 
4. Determine with reasons if lim௫՜ଷ ݃ሺݔሻ exists. 

 
Activity 3 

1. Explain in your own words, for a function ݄, what is meant by  “lim௫՜௔ ݄ሺݔሻ exists”. 
2. Explain the procedure to find the limit of lim௫՜௔ ݄ሺݔሻ, where ݄ሺݔሻ is a split-function given in 

symbolic form. 

 

Similarly for the other three question types, the interpretation of Table 5 can be used to formulate 
activities to help students develop the relevant mental structures.  
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Conclusions 

Useful insight into the relevant mental structures towards which teaching should focus was revealed by 
the APOS genetic decomposition of the limit of a function concept. The findings of this study confirmed 
that the limit of a function concept is one that students find difficult to understand, and suggests that this 
is possibly the result of many students not having appropriate mental structures at the process, object and 
schema levels.  It seems that my genetic decomposition was adequate. However, my reflections on the 
teaching design indicated that more time needs to be devoted to helping students develop the mental 
structures at the process, object and schema levels. This implies that teaching should focus on (1) verbal 
and graphical approaches to finding limits of functions; including split-functions in symbolic form, (2) 
unpacking of structures given in symbolic form, and (3) modelling possible schema. A graphical 
approach should facilitate the development of mental structures at the process and object levels, while a 
focus on symbolic structures should aid object conceptions. If schemas organise and link the relevant 
actions, processes and objects then this should be a part of the teaching. The impact of such a focus on 
teaching will require further research. 
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Appendix A: An example of an activity 
 

 
 
 

Appendix B: The four multiple choice questions 
 

1. Let 








 3  if   6

3   if2
)(

xx

xx
xf .  

Then lim
௫՜ଷ

  ݂ሺݔሻ 
 

A) is 5 B)  is 3 C)  is 6 D)  does not exist E)  is none of these 
 

2. Let 













3  if1

3   if
3

152
)(

2

xkx

x
x

xx
xg  

The value of k that will make the function g continuous is 

A)  -3 B)  4 C)  -15 D)  2 E)  none of these 
 

3. The following limit is equal to: 

lim
௫՜ଷ଺

  
ݔ√ െ 6
ݔ െ 36

 

A)  
ଵ

଺
 B)  0 C)  ∞ D)  

ଵ

ଵଶ
 E)  ∞ 

 
4. The following infinite limit is equal to: 

lim
௫՜ஶ

െ3ݔଶ ൅ ݔ3 െ 8
െ6ݔଶ ൅ 10

 

A)   െ
ହ

ସ
 B)  0 C)  ∞ D)  

ଵ

ଶ
 E)  none of these 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


